Rigid local systems on Gm with finite monodromy  by Gross, Benedict H.
Advances in Mathematics 224 (2010) 2531–2543
www.elsevier.com/locate/aim
Rigid local systems on Gm with finite monodromy
Benedict H. Gross
Department of Mathematics, Harvard University, Cambridge, MA 02138, United States
Received 5 February 2010; accepted 11 February 2010
Available online 26 February 2010
Communicated by the Managing Editors of AIM
Abstract
We construct certain rigid local systems on Gm over finite fields, using the theory of Deligne–Lusztig
curves and some recent results on finite simple subgroups of complex Lie groups.
© 2010 Elsevier Inc. All rights reserved.
Keywords: Local system; Monodromy; Deligne–Lusztig curves
Katz has constructed some rigid local systems of rank 7 on Gm in finite characteristics, whose
monodromy is a finite subgroup G of the complex Lie group M of type G2 [4, Thm. 9.1].
Among the five finite subgroups G of M which appear in his work, four occur in their natural
characteristic:
SL2(8) in char 2,
PU3(3) in char 3,
PGL2(7) in char 7,
PSL2(13) in char 13.
In this paper, we give another construction of these four local systems on Gm, and find similar
local systems with finite monodromy in other complex Lie groups. Some examples of finite
groups which occur in exceptional complex Lie groups M , analogous to the ones above are
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G = PSU3(8) in char 2, M = E7,
G = PGL2(31) in char 31, M = E8,
G = PSL2(61) in char 61, M = E8.
There are interesting families in the classical groups. For example, when q = pf > 2, we
have:
G = PU3(q) in char p, M = Sp2n, 2n = q(q − 1).
Our method of construction is as follows. Let k be the finite field with q elements. We first
consider the action of a finite group G = G(q) of the type
G = PGL2(q) = A1(q),
G = PU3(q0) = 2A2(q), q = q20 ,
G = Sz(q) = 2B2(q), q = 2q20 ,
G = R(q) = 2G2(q), q = 3q20
on the corresponding Deligne–Lusztig curve Y over k. (We note that the algebraic group PU3(q0)
is defined over the finite field with q0 elements, but is naturally a subgroup of A2(q) = PGL3(q)
with q = q20 .) This extends to an action of G on the complete curve X = Y ∪ S, where S denotes
the finite set of points in the completion. Using results of Lusztig [5], we show the quotient map
X → X/G is ramified over precisely 2 points of the base, which has genus 0. Identifying X/G
with P1, and the two points of ramification with {0,∞}, we obtain a surjective homomorphism
f : π1(Gm/k) → G,
where Gm = P1 − {0,∞}.
We then study embeddings
g : G → M,
where M is a simple, complex Lie group. Let Ad be the adjoint representation of M on its Lie
algebra. The composite homomorphism
π1(Gm/k)−→
f
G−→
g
M −→
Ad
GL
(
Lie(M)
)
gives a complex representation of the Galois group of the global field k(Gm) = k(t), which
is unramified outside t = 0,∞. We say the homomorphism g is rigid if the Artin L-function
L(Ad, s) is equal to the constant function 1.
The embedding g is rigid precisely when the -adic sheaf on P1 corresponding to the mid-
dle extension of the adjoint representation has vanishing cohomology. This is equivalent to the
statement that the principal M-bundle on Gm has no deformations, preserving the singularities
at t = 0 and t = ∞.
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PGL2(q) and G = PU3(q0), as well as for their normal subgroups
G0 = PSL2(q), q ≡ 1 (mod 2),
G0 = PSU3(q0), q0 ≡ 2 (mod 3).
These give rise to the rigid local systems on Gm with finite monodromy, described above.
As a bonus, we obtain simple wild parameters (cf. [3, §5.6]) for the local field k((1/t)),
by restricting our local systems to the decomposition group at t = ∞. These parameters are
representations of the local Galois group into M , which have no inertial invariants on the adjoint
representation and have Swan conductor equal to the rank of M .
1. Deligne–Lusztig curves
Let d = 2,3,4,6. For each d , and certain prime powers q , we consider the Deligne–Lusztig
curve Y = Y(w) over the field k with q elements. The restrictions on q are
d = 2, q = arbitrary,
3, q = q20 ,
4, q = 2q20 ,
6, q = 3q20 .
The curve Y is affine and non-singular, and admits an action of the finite adjoint group G = G(q)
over k. In ATLAS notation, G is given by
d = 2, PGL2(q) = A1(q),
3, PU3(q0) = 2A2(q),
4, Sz(q) = 2B2(q),
6, R(q) = 2G2(q).
The order of G is given by the formula
#G = qd/2(qd/2 + 1)(q − 1).
To define Y , we let G be the split algebraic group of adjoint type A1, A2, B2, G2 over the
finite field k with q elements. The integer d is then the Coxeter number of G. Let F be the
geometric Frobenius automorphism of the points of G over an algebraic closure of k, with fixed
points G(k). When d = 2 we take σ = F ; when d = 3,4,6 we define σ as a certain square root
of F with the property that G = G(k)σ . Then by definition the affine curve Y is the variety of all
Borel subgroups B of G such that B and σ(B) are in relative position w, where w is a Coxeter
class (of order 2) in the Weyl group relative to σ . Since G acts on the function field k(Y ), the
action on Y extends to an action on the complete non-singular model X = Y = Y ∪ S, where S
denotes the finite set of points in the completion.
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action on X. The first is the Borel subgroup B = B(q), of order qd/2(q − 1). This fixes a point
in a 2-transitive permutation representation, which we will see occurs on the points S of the
completion. The p-Sylow subgroup U of B is normal, and the quotient B/U is cyclic. The
second maximal subgroup is the normalizer N(T ) of a Coxeter torus T = T (q). This is the semi-
direct product of the cyclic group T , of order
d = 2, q + 1,
3, q − q0 + 1,
4, q − 2q0 + 1,
6, q − 3q0 + 1
dividing (qd/2 + 1), with a Coxeter element of order d in G: N(T ) = T .d .
The adjoint group G = G(q) has a normal subgroup G0, which is the image of k-rational
points of the simply-connected cover. This has index > 1 in the following cases
d = 2, PGL2(q)
2
PSL2(q), q ≡ 1 (mod 2),
d = 3, PU3(q0)
3
PSU3(q0), q0 ≡ 2 (mod 3).
Both B and T have a nontrivial image in the quotient group G/G0 in these cases, so the kernel
defines maximal subgroups B0 and N(T0) = T0.d in G0.
The action of G on the affine curve Y is completely described in [5]. We summarize these
results in Theorem 1 below. For m 1, let km be the unique extension of k of degree m in k.
Theorem 1 (Lusztig).
a) The set Y(km) is empty, for 1m< d .
b) G acts transitively on Y(kd) with stabilizer T .
c) G acts freely on Y(k)− Y(kd), and acts simply-transitively on Y(kd+1).
d) The linear action of G on the compactly supported -adic cohomology groups Hic (Y/k,Q)
commutes with the action of F , and the distinct eigenspaces for F give distinct unipo-
tent representations W of G. A unipotent representation occurs in Hic (Y ) if and only if
Tr(t |W) = (−1)i , for all regular semi-simple elements t in T . If such a representation oc-
curs, its multiplicity in Hic (Y ) is equal to one.
One can make part d) more explicit by enumerating the eigenvalues α of F on Hic (Y ), and the
unipotent representation Wα that appears in the α-eigenspace. They are
α = q on H 2c (Y ), W = trivial representation,
α = 1 on H 1c (Y ), W = Steinberg representation,
dimW = qd/2.
There are (d − 2) further eigenvalues on H 1c (Y ), which correspond to unipotent cuspidal
representation
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α = −q0, dimW = q0(q0 − 1),
d = 4,
α± = −q0(1 ± i), dimW± = q0(q − 1),
d = 6,
α± = −q0
(
3 ± √−3
2
)
, dimW± = q0
(
q2 − 1),
β± = −q0(±
√−3 ), dimW± = q0(q − 1)(q + 3q0 + 1)/2.
The two unipotent cuspidal representations W of the Ree groups with
dimW = q0(q − 1)(q − 3q0 + 1)/2
do not appear in the cohomology of Y , as they restrict to the regular representation of T .
From Lusztig’s fundamental results, we deduce the following facts on the complete curve
X = Y = Y ∪ S.
Corollary.
a) G acts transitively on X(k) = S(k) = S(k), with stabilizer B .
b) The covering X → X/G = Z is ramified over two rational points of the base, which has
genus 0.
c) We may fix an isomorphism Z → P1 over k so that the resulting cover π : X → P1 satisfies
π
(
X(k)
)= ∞,
π
(
X(kd)−X(k)
)= 0,
π
(
X(kd+1)−X(k)
)= 1.
d) The decomposition group D, inertia group I , and wild inertia group P at the points {∞,0,1}
are
D∞ = I∞ = B  P∞ = U, I∞/P∞ = (q − 1),
D0 = N(T ) I0 = T , P0 = 1, D0/I0 = (d),
D1 = (d + 1), I1 = 1.
Proof. Let W0 be the representation of G on the functions on S with values in Q and with sum
equal to 0. Then W0 appears in H 1c (Y ), and the eigenvalues of F on W0 are roots of unity. The
only such eigenvalue is α = 1, so S(k) = S(k). This eigenspace affords the Steinberg represen-
tation of G, which is the functions on G/B with sum equal to 0. Hence G acts transitively on
S(k) = X(k) with stabilizer B .
Since G fixes no non-zero vector in H 1(X) =⊕d−2i=1 Wi the quotient curve Z = X/G has
genus 0. The decomposition groups at {∞,0,1} and their inertia subgroups follow from the
structure of the G-orbits on X(k), and their fields of rationality. We note that the element of
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of d normalizing T is of Coxeter type (1;1,1). 
Let K = k(P1) = k(t), and let K ′ = k(X) be the Galois extension of K corresponding to the
covering X → P1. Let V be a complex representation of G = Gal(K ′/K), and for each place v
of K , let Fv be a geometric Frobenius element in the quotient Gv/Iv . We define the Artin L-
function of V by an Euler product over the places v of K :
L(V,x) =
∏
v
det
(
1 − Fvxdegv
∣∣V Iv )−1.
This is a rational function of x, and is a polynomial in x when VG = 0. We define the Artin
conductor fv(V ) and the Swan conductor swv(V ) as in [7, Ch. VI]. Then
f0(V ) = dim
(
V/V T
)
,
f∞(V ) = dim
(
V/V B
)+ sw∞(V ).
Since the degree of L(V,x) is given by [8, Appendix V]
degL(V,x) = f0(V )+ f∞(V )− 2 dimV
we find the formula
sw∞(V ) = degL(V,x)+ dimV B + dimV T .
Lusztig’s calculation of the cohomology of Y gives us a determination of the Artin L-
functions of the irreducible representations W of G, as we have the factorization
∏
irred
W
L(W,x)dimW = ζK ′(x) = det(1 − Fx|H
1(X))
(1 − x)(1 − qx) .
Corollary. If W is an irreducible representation of G, then L(W,x) has degree = −2,0, or 1.
More precisely:
a) If W is the trivial representation,
L(W,x) = 1
(1 − x)(1 − qx) .
b) If W is a unipotent cuspidal representation, which occurs as the α-eigenspace for F in
H 1(X), then
L(W,x) = (1 − αx).
c) For all other irreducible representations W , L(W,x) = 1.
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a) If W is the trivial representation of G, or the quadratic character of PGL2(q) when
q ≡ 1 (mod 2), or one of the cubic characters of PU3(q0) when q0 ≡ 2 (mod), then
sw∞(W) = 0.
b) If W is an irreducible representation of PGL2(q) and dimW > 1, then sw∞(W) = 1.
c) If W is the unipotent cuspidal representation of PU3(q0), of dimension q20 − q0, then
sw∞(W) = 1.
Proof. a) These are precisely the irreducible representations which are tamely ramified. For all
other irreducible representations, sw∞(W) 1.
b) For these representations, L(W,x) = 1 has degree 0, so sw∞(W) = dimWB + dimWT .
For the Steinberg representation W = St of dimension q , we have dimWB = 1 and dimWT = 0.
For all other irreducibles (of dimensions q − 1, q , q + 1) we have dimWB = 0 and dimWT = 1.
c) In this case, L(W,x) = (1 + q0x) has degree 1. We find dimWB = dimWT = 0, as W is
cuspidal and the restriction of W to T is the regular representation minus the trivial character.
Hence sw∞(W) = 1. 
The Swan conductors of all other irreducible representations W of G grow with the size of q .
For example, the Steinberg representation St of G(q) has
sw∞(St) = dim StB + dim StT
= 1 + dim StT
= (qd/2 + 1)/#T
=
⎧⎪⎪⎨
⎪⎪⎩
1, d = 2,
q0 + 1, d = 3,
q + 2q0 + 1, d = 4,
q2 + 3qq0 + 2q + 3q0 + 1, d = 6.
The two unipotent cuspidal representations W of the Ree group 2G2(q) which do not appear in
the cohomology of X have
sw∞(W) = dimWT = q0
(
q − 1
2
)
.
We now make some observations about the subfields of K ′ = k(X) fixed by certain subgroups
of the Galois group G. In the cases where we have a normal subgroup GG0:
PGL2(q)
2
PSL2(q), q ≡ 1 (mod 2),
PU3(q0)
3
PSU3(q0), q0 ≡ 2 (mod 3).
The fixed field K0 is tamely ramified, of degree d = 2 or 3, over K = k(t). Since it is also split
at the place t = 1, we find
K0 = k( d
√
t ).
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f0 : π1(Gm/k) → G0.
These are all conjugate under the other action of G. The different classes of f0 correspond to
fixing a d th root of t in K0, or equivalently, to fixing a place above the place t = 1 in K .
Now consider the subfield M of K ′ fixed by the subgroup B of G:
K ′ = k(X)
Bupslope
M

K = k(t)
This has degree (qd/2 + 1) over K . Since H 1(X)B = 0, it also has genus 0. The zeta function
of M factors
ζM(x) = ζK(x)L(St, x)
and the discriminant divisor D(M/K) of M/K is given by the conductor of the Steinberg repre-
sentation:
D(M/K) = f∞(St).(∞)+ f0(St)(0).
We have
f∞(St) = dim
(
St/StB
)+ sw∞(St)
= (qd/2 − 1)+ sw∞(St)
=
⎧⎪⎪⎨
⎪⎪⎩
q, d = 2,
q30 + q0, d = 3,
q2 + q + 2q0, d = 4,
q3 + q2 + 3qq0 + 2q + 3q0, d = 6,
and
f0(St) = dim
(
St/StT
)
=
⎧⎪⎪⎨
⎪⎪⎩
q, d = 2,
q30 − q0, d = 3,
q2 − q − 2q0, d = 4,
q3 − q2 − 3qq0 − 2q − 3q0, d = 6.
The prime P∞ factors in M as
P∞ = R ·
(
R′
)qd/2
with degR = degR′ = 1.
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P0 =
n∏
i=1
(Ri)
#T , degRi = 1,
where n = (qd/2 + 1)/#T . All other primes are unramified.
In the case where G = PGL2(q), the curve X is the projective line over k = Fq and the action
is by fractional linear transformations. Here, specific polynomials of degree (q + 1) over K =
k(t) are known, with root field M and splitting field K ′ = k(X). Can one find such equations, of
degree (qd/2 + 1) over K , in general?
2. Rigid local systems
In the previous section, we defined a surjective homomorphism
f : π1(Gm/k) → G,
where k is a finite field with q elements and G is the finite group acting on a Deligne–Lusztig
curve X over k (or a normal subgroup G0 of G).
In this section, we will consider the local systems on Gm/k that we obtain by composing f
with a homomorphism
g : G → M,
where M is a connected, simple complex Lie group. Consider the adjoint representation of M on
its Lie algebra. The composite homomorphism
π1(Gm/k)−→
f
G−→
g
M−→GL(Lie(M))
defines a complex orthogonal representation Ad of the Galois group of the global field K = k(t),
which is unramified outside t = 0 and t = ∞. We say the homomorphism g is rigid if the Artin
L-function L(Ad, s) is identically equal to 1.
If we identify the complex numbers with an algebraic closure of Q, the representation Ad
of π1(Gm/k) gives a lisse λ-adic sheaf F of rank equal to dim(M) on Gm. Let j : Gm ↪→ P1
be the inclusion. Then the middle extension j∗F , whose first cohomology gives the image of
cohomology with compact supports in the cohomology of F over Gm, is pure of weight 0 on P1.
By Grothendieck’s cohomological formula for L(Ad, s) = L(j∗F , s), the adjoint L-function is
constant if and only if the -adic cohomology groups of j∗F all vanish: Hi(P1, j∗F) = 0 for
i = 0,1,2. This implies that the M-local system on Gm has no deformations preserving the
singularities at t = 0,∞. Therefore rigid maps g give rise to rigid M-local systems on Gm.
First, from the determination of L(V, s) for irreducible representations V of G in Section 1,
we obtain
Proposition. The homomorphism g : G → M is rigid if and only if
1) AdG = 0;
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tations which appear in H 1(X).
When G = PGL2(q) or PSL2(q), we have d = 2 and there are no unipotent cuspidal represen-
tations. Hence the only condition for rigidity is that AdG = 0, or equivalently that the centralizer
of the image of G in M is finite. We now describe some rigid embeddings in this case, by ap-
pealing to the work of Serre [6] and Greiss and Ryba [1] on finite subgroups of Lie groups.
Proposition.
1) Assume that G = PGL2(q) and that M is of adjoint type, with Coxeter number h = q − 1.
Then there are rigid homomorphisms
g : G → M.
2) Assume q ≡ 1 (mod 2), that G = PSL2(q), and that M is of adjoint type, with Coxeter num-
ber h = q−12 . Then there are rigid homomorphisms
g : G → M.
Proof. If q is a prime number p, Serre [6] has constructed principal embeddings:
g : PGL2(p) → M, p = h+ 1,
g : PSL2(p) → M, p = 2h+ 1.
These satisfy AdG = 0. The only case where q 	= p in the exceptional series is for M of type F4
and E6, where h = 12 and 2h+ 1 = 25 = 52. In this case, a rigid embedding
g : PSL2(25) → M
has been constructed by [1].
Hence, we may assume that M is an adjoint group of classical type A,B,C,D. We tabu-
late M , its Coxeter number h, and a central covering M˜ → M which is a connected classical
group: M˜ ⊂ GL(V ).
M h M˜
PGLn n GLn
PSp2n 2n Sp2n
SO2n+1 2n SO2n+1
PSO2n+2 2n SO2n+2
We will construct a rigid homomorphism g : G → M by constructing a complex representa-
tion V of G (or a cover 2.G) with the appropriate dimension and self-duality.
Assume that q = h+ 1. If M = PGLn, we let V be an irreducible representation of PGL2(q)
in the discrete series. These representations are all of dimension q − 1, so give
G → GLq−1 → PGLq−1 = PGLn = M.
Since Ad = V ⊗ V ∗ − 1, we have AdG = 0.
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the Steinberg representation of G = PGL2(q), which is orthogonal of dimension q = 2n+1. The
determinant 
 = det(S) is the nontrivial quadratic character of G, so the representation V = S⊗

gives a homomorphism
G → SOq = SO2n+1 = M.
In this case, Ad =∧2 V , so the irreducibility forces AdG = 0. We could also take V = W ⊕ 
,
where W is an (orthogonal) discrete series representation of dimension q − 1 = 2n and determi-
nant 
. Then Ad =∧2 W ⊕ (W ⊗ 
) also has no G-invariants.
For M = PSO2n+2 we can take either V = St ⊕ 
 or V = W ⊕ 
 ⊕ 1. Both are orthogonal
representations of dimension 2n+ 2 and determinant 1, so give
g : G → SO2n+2 → PSO2n+2 = M
with AdG = (∧2 V )G = 0.
Finally, for M = PSp2n we take V an irreducible representation of dimension 2n = q − 1 of
a double cover G˜ = 2.G = 2.PSL2(q).2 which is isoclinic to the group GL2(q)/{( a2
a2
)}. The
representation V has a real character, but is obstructed. It gives a symplectic representation:
G˜ −−−−→ Sp2n⏐⏐ ⏐⏐
G −−−−→ PSp2n
The case when q = 2h + 1 is similar. Here we use the half-discrete series of dimension q−12
for G = PSL2(q) in the case where M˜ = Sp, and the half-principal series of dimension q+12 for
G = PSL2(q) in the cases where M˜ = SO. We leave the details to the reader. 
Note. In contrast to the case for G = PGL2(q) when q = h + 1, where there are many rigid
embeddings, when G = PSL2(q) and q = 2h + 1 we can only construct two rigid embeddings,
into M , which are equivalent under the outer action of PGL2(q).
Corollary. For the maps g : G → M described above, when q = h + 1 and q = 2h + 1, the
restriction of g ◦ f to the decomposition group D∞ in Gal(Ks/K) is a simple wild parameter
for the split, simply-connected group over the local field K∞ = k((1/t)) which is dual to M .
Proof. We must check the two conditions [3, §5.6]:
AdD∞ = 0, sw∞(Ad) =  = rank(M).
The first follows from the fact that the Steinberg representation St does not appear in Ad. In the
exceptional cases, this follows from the work of Serre [6] and Greiss and Ryba [1], and in the
classical cases from a determination of the decomposition of S2V and
∧2
V . We then have the
formula
sw∞(Ad) = dim AdT .
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dim AdT = . 
We now consider rigid embeddings of the groups G = PU3(q0) and G = PSU3(q0). The
group G = PU3(q0) has a unique unipotent cuspidal representation V of dimension 2n =
q0(q0 −1). This representation has rational character, but is obstructed by the rational quaternion
algebra ramified at ∞ and p (cf. [2]). It therefore gives a homomorphism
g : G → M = Sp(V ) ↪→ SL(V ).
Proposition.
1) The restriction of g ◦ f to the decomposition group D∞ in Gal(Ks/K) is a simple wild
parameter for both groups SO2n+1 and PGL2n over K∞ = Fq((1/t)).
2) The homomorphism g is rigid.
Proof. The restriction of V to the subgroup D∞ = B = q1+20 (q20 − 1) is irreducible, so there are
no B-invariants in either S2V or in (
∧2
V )0. We have also seen that sw∞(V ) = 1 and that T acts
as the regular representation on V ⊕ 1.
We now show that
sw∞
(
S2V
)= dim(S2V )T = n,
sw∞
(∧2
V0
)
= dim
(∧2
V0
)T = n− 1
which together imply that
L
(
S2V, t
)= L((∧2 V )
0
, t
)
= 1.
The T -invariants in S2V and in (
∧2
V )0 follow immediately from the determination of
the characters of T on V . To calculate the Swan conductor, we observe that the group B =
q1+20 (q20 − 1) has irreducible representations of dimensions q20 − q0, q20 − 1, and 1, with Swan
conductors 1, 1, and 0, respectively. The representations of dimension q20 − q0 have nontrivial
central characters on q1+20 , and the representation of dimension q20 − 1 has trivial central char-
acter, but is nontrivial on q1+20 . From this, the Swan conductors of S2V and (
∧2
V )0 are easily
determined.
Since the adjoint representations are
Ad = S2V for M = Sp(V ),
Ad = S2V +
(∧2
V
)
0
for M = SL(V ).
We see that g ◦ f is a simple wild parameter for the groups SO2n+1 and PGL2 over K∞, and
that the homomorphism g is rigid. This completes the proof. 
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index 3 in G stabilizes a symmetric quartic form on V , and we obtain an embedding [1]:
g : PSU3(8) → E7 ⊂ Sp(V )
which is also rigid. The restriction of
π1(Gm/F64)−→
f
PSU3(8)−→
g
E7
to D∞ = 81+2.21 = 23+6.21 is a simple wild parameter for E7 over F64((1/t)). We have:
sw∞(V ) = 3, degL(V, t) = 1,
sw∞(Ad) = 7, degL(Ad, t) = 0.
We have now constructed all of Katz’s local systems for G2, with the exception of the group
SL2(8) in char 2. The example of SL2(8) fits into a series of embeddings [6, p. 422]
SL2(4) in SO3 = Aad1 ,
SL2(8) in G2,
SL2(16) in Dad8 ,
SL2(32) in E8,
PSL2(9) in Aad2 ,
PSL2(27) in F4,
where the image of the Sylow p-subgroup is not contained in a maximal torus. We leave it to
the reader to check that these embeddings are all rigid (the first four in char 2 and the last two in
char 3). In each case, the restriction to D∞ is a simple wild parameter.
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